Mathematics 30-1
-
5

17 \ Lesson 1: Trigonometric Equations

: 1
sin@ = — : -
2 ‘ \/ Approximate Completion Time: 4 Days

cos® x + cos xsin® x = cos x

cosx(cos2 X +sin? X) Lesson 2: Trigonometric Identities |
cosx(1) Approximate Completion Time: 4 Days

cosx | cosx J/

4 Lesson 3: Trigonometric Identities Il
J6 -2 Approximate Completion Time: 4 Days

B!. UNIT FIVE
Trigonometry I




Mathematics 30-1

Complete this workbook by watching the videos on www.math30.ca.
Work neatly and use proper mathematical form in your notes.
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Trigonometry
LESSON FIVE - Trigonometric Equations

Lesson Notes

( Example 1 ) Find all _angles in.the domai_n 0<06<2m Primary Ratios
that satisfy the given equation. Solving equations with
Write the general solution. the unit circle.
3 1
sin@=— b 0=-—
a) si 5 ) cos >
c) tan6=0 d) tan?0 = 1
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Tri
gonometry . . o ‘ N\
LESSON FIVE - Trigonometric Equations sind = —

Lesson Notes ‘ \/

N

( Example 2 Find all angles in the domain 0 < 6 < 2m Primary Ratios
that satisfy the given equation.

Write the general solution.

Solving equations
graphically with

a) sind = 1 b) sin@ = -1 intersection points
2 -
1 - 1
m Zln' m 2l1T
-1 - 1
d) cosb =2
c) cosd = —ﬁ )
2 2 -
1 -
1 4
. m 2m
M 21
_1 4
_2 A
_1 A
e) tanb = -3 f) tan®@ = undefined
3 3 -
2 - 2
1 - 1
m 2m m 2n
-1 4 1
2 2
3 3
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VA Trigonometry
sind = — LESSON FIVE - Trigonometric Equations
2
Lesson Notes
( Example 3 Find all .angles in.the domaip 0° <0< 360° Primary Ratios
that satisfy the given equation. Solving equations with a
Write the general solution. calculator. (degree mode)
a) sinB = 1 °
2 o0
0°
180° 360°
270°
b) cosb = g
90°
0°
180° 360°
c) tanB =1 270°
90°
0°
180° 360°
270°
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Trigonometry
LESSON FIVE - Trigonometric Equations

A —
sin9=l

2 \/
Lesson Notes )
( Example 4 Find all angles in the domain 0 < 6 < 2m that satisfy | Primary Ratios
the given equation. Solving equations
graphically with
a) sind =1 0-intercepts.
Intersection Point(s)
of Original Equation 0-Intercepts
3 -
2 -
1
m 2n m 2m
-1 -
-2 -
-3 -
1
b) cos@ =— ) i
2 Intersection Point(s)
of Original Equation 0-Intercepts
3 -
2 -
1
m 2n m 2m
-1 -
-2 -
-3 -
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a Trigonometry
sind = 1 \/ LESSON FIVE - Trigonometric Equations

2
Lesson Notes
1 . -
( Example 5 ) Solve cos=-- 0<6<2m Primary Ratios
Equations with
a) non-graphically, using the b) non-graphically, using primary trig ratios
cos™ feature of a calculator. the unit circle.
c) graphically, using the d) graphically, using
point(s) of intersection. B-intercepts.
3 3
2 2
1- 1
T 2n m 2n
-1 - 1
2 2
3 3
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. N\
Trigonometry 1 ‘Q
LESSON FIVE - Trigonometric Equations sind = >
Lesson Notes ‘ \/ )
( Example 6 ) Solve sin® =-0.30 ©6¢R Primary Ratios

Equations with

a) non-graphically, using the b) non-graphically, using primary trig ratios
sin” feature of a calculator. the unit circle.
c) graphically, using the d) graphically, using
point(s) of intersection. 0-intercepts.
3 3 -
2 2
1 14

m 2m m om
1 -1 1
2 2
3 -3
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a Trigonometry
sind = 1 LESSON FIVE - Trigonometric Equations
\/ Lesson Notes

( Example 7 ) Find all angles in the domain 0 < 6 < 2m that Reciprocal Ratios
satisfy the given equation. Solving equations with
Write the general solution. the unit circle.

a) secO=-2

b) c¢scO = undefined

c) cotB=-1

www.math30.ca



Trigonometry

LESSON FIVE - Trigonometric Equations

Lesson Notes

sinB = —

N

.-
Y,

( Example 8 Find all angles in the domain 0 < 6 < 2m that Reciprocal Ratios
satisfy the given equation. Solving equations
Write the general solution. graphically with
1 intersection points
a) csch= 0 b) csc6 =undefined
2 1 2
1- 1 -
m 2m o 2
-1 4 -1 4
-2 22 4
c) secf=2 d) sec6 = -1
2 1 2 1
1 - 1 -
m 2m R 2m
1 4 1
-2 -2 4
e) cotf=— f) cot6=0
2 1 2 1
11 1 -
m 2m S 2
1 4 -1 -
-2 2.
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Trigonometry

sin® = LA LESSON FIVE - Trigonometric Equations
2
Lesson Notes
( Example 9 Find all .angles in.the domai.n 0°<0<360° Reciprocal Ratios
that satisfy the given equation. Solving equations with a
Write the general solution calculator. (degree mode)
a) secO=-2 99"
0°
180° 360°
270°
b) cscb = &
3 90°
0°
180° 360°
270°
C) cotb = ﬁ
3
90°
& 00
180° 360°
270°
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Trigonometry ‘ N\ )
LESSON FIVE - Trigonometric Equations sind =

1
2 \/
Lesson Notes )
( Example 10 Find all angles in the domain 0 < 6 < 2m that Reciprocal Ratios
satisfy the given equation. Solving equations
Write the general solution. graphically with
1 0-intercepts.
a 6=--
) csc >
Intersection Point(s)
of Original Equation 0-Intercepts
3 3
2 2
1 1
m 2m o m 2m
1 1
2 2
3 3
b) secB =1
Intersection Point(s)
of Original Equation 0-Intercepts
3 3
2 2
1 1
m 2m o m 2m
1 1
2 2
3 3
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sing=1 L\ LESSON FIVE -
\/

Trigonometry
Trigonometric Equations

Lesson Notes

(Example 1 1) SolvecscO=-2 0<0O=<2m

a) non-graphically, using the b) non-graphically, using reciprocal trig ratios
sin” feature of a calculator. the unit circle.

c) graphically, using the
point(s) of intersection.

Reciprocal Ratios
Equations with

d) graphically, using
0-intercepts.
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Trigonometry

LESSON FIVE - Trigonometric Equations

Lesson Notes

sinB = —

N

.-
Y,

J

(Example 1 2) Solve sec = -2.3662  0°< 6 < 360°

a) non-graphically, using the
cos' feature of a calculator.

b) non-graphically, using
the unit circle.

c) graphically, using the
point(s) of intersection.

Reciprocal Ratios

Equations with
reciprocal trig ratios

d) graphically, using

0-intercepts.

3 3

2 1 2 A

11 11
m S m

1 -1 -

-2 - -2 -

-3 -3

Cm
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a Trigonometry
sind = 1 \/ LESSON FIVE - Trigonometric Equations

2
Lesson Notes
( Example 13 Find all angles in the domain 0 < 6 < 2m that First-Degree
satisfy the given equation. Write the general solution. Trigonometric
a)cosB-1=0 b) 2sin6 _\/g -0 Equations
c)3tan6-5=0 d) 4secH + 3 = 3sech + 1

www.math30.ca



Trigonometry
LESSON FIVE - Trigonometric Equations

o

: 1
sin@ = 3
Lesson Notes ‘ \/ )
( Example 14 Find all angles in the domain 0 < 6 < 2m First-Degree
that satisfy the given equation. Trigonometric
a) 2sinBcosb = coso b) 7sin6 = 4sin® Equations
Check the solution graphically. Check the solution graphically.
11 14
m 2m m 2m
-1 -1

c) sinBtan® = sind d) tan@ + cosBtan@ = 0

Check the solution graphically. Check the solution graphically.

www.math30.ca



N Trigonometry
sing = | LESSON FIVE - Trigonometric Equations
2 \/ Lesson Notes
Find all angles in the domain 0 < 6 < 2m S d-D
( Example 15 that satisfy the given equation. T(rei;?)r;om:fﬁie
Equations

a) sin?0 = 1 b) 4cos?0 - 3 =0

Check the solution graphically.

C) 2cos?0 = cosO d) tan“0 - tan?0 =0

Check the solution graphically.

Check the solution graphically.

Check the solution graphically.

www.math30.ca



Trigonometry N\
LESSON FIVE - Trigonometric Equations sing = 1 \/

2
Lesson Notes )
(Example 16 Find all angles in the domain 0 < 6 < 2m Second-Degree
that satisfy the given equation. Trigonometric
Equations

a) 2sin’® - sin6-1=0

Check the solution graphically.

b) csc?0 - 3csc6 +2 =0

Check the solution graphically.

C) 2sin®0 - 5sin?0 + 2sin® = 0

Check the solution graphically.

www.math30.ca



a Trigonometry
sind = 1 \/ LESSON FIVE - Trigonometric Equations

2
Lesson Notes
( Example 1 7) Solve each trigonometric equation. Double and
Triple Angles

a) sinzez—g 0<0<2m

i) graphically: ii) non-graphically:

1A

m 2m
B

2 _1 |

b) cos36:% 0<0<2m

i) graphically: ii) non-graphically:

NS
1 1

www.math30.ca



Trigonometry
LESSON FIVE - Trigonometric Equations sing = 1
Lesson Notes

N

.-

\/

( Example 1 8) Solve each trigonometric equation.

a) coslezl 0<0<4m
2 2

i) graphically: ii) non-graphically:

N| =
1

_1-
b) sin%6=-1 0<0<8m

i) graphically: ii) non-graphically:

Half and
Quarter Angles

www.math30.ca




sinB = —

N

A
U

Trigonometry

LESSON FIVE - Trigonometric Equations

Lesson Notes

( Example 1 9) It takes the moon approximately 28 days to go through all of its phases.

First
Quarter

New
Moon

Full
Moon

Last

- N MAONC N _

Quarter

New
Moon

a) Write a function, P(t), that expresses the visible percentage of the moon as a function of time.

Draw the graph.
Visible % 4
1.00 -

0.50 -

>

b) In one cycle, for how many days is 60% or more of the moon’s surface visible?

www.math30.ca



Trigonometry ‘ N
LESSON FIVE - Trigonometric Equations sind =

Lesson Notes

Z

( Example 20) Rotating Sprinkler N 4 ) W
/ _
A rotating sprinkler is positioned 4 m away from the wall W —'— E
of a house. The wall is 8 m long. As the sprinkler rotates,
the stream of water splashes the house d meters from point P. 5
Note: North of point P is a positive distance, and south of Nd
point P is a negative distance. o> o)
v :

a) Write a tangent function, d(8), that expresses the distance
where the water splashes the wall as a function of the W \1)
rotation angle 6. W /

W & W "

b) Graph the function for one complete rotation of the sprinkler. Draw only the portion of the
graph that actually corresponds to the wall being splashed.

d
8
4
ﬁ L 3_11 2m
-4 | 2 2
-8 -

c) If the water splashes the wall 2.0 m north of point P, what is the angle of rotation (in degrees)?

www.math30.ca



VA Trigonometry
sind = — LESSON FIVE - Trigonometric Equations
2
Lesson Notes
( Example 21 ) Inverse Trigonometric Functions Inverse Trigonometric Functions
When we solve a trigonometric equation like cosx = -1, stu df';'srvlvi?ment Exgmp le .
n plan on taking university
one possible way to write the solution is: calculus should complete this example.

cosx = —1
cos™ (cosx) =cos™ (—1)

X=r

In this example, we will explore the inverse functions of sine and cosine to learn why taking an
inverse actually yields the solution.

a) When we draw the inverse of trigonometric graphs, it is helpful to use a grid that is labeled
with both radians and integers. Briefly explain how this is helpful.

y A
21

A

www.math30.ca



Trigonometry ‘ N
LESSON FIVE - Trigonometric Equations sind =

1
Lesson Notes 2 ‘ \/

b) Draw the inverse function of each graph. State the domain and range of the original and
inverse graphs (after restricting the domain of the original so the inverse is a function).

y = sinx y = COSX
YA YA
2m 2m
- 6 - 6
3m fs ﬂ 5
2 L 4 2 - 4
m {5 L.
E - 2 1 - 2
2 2
P 5 4 3 2 1 1 2 4 5 6 N P 6 -4 3 -2 dl 2 4 .
o _3m -m s 0 o m 3n _A2n x o L NG 0 o m 3 X
2 n[' 2 2\/2 [ 2\/2
2} 2 |-
-2 -2
2 2
2m ¢ 2m ¢
A 4

c) Is there more than one way to restrict the domain of the original graph so the inverse
is a function? If there is, generalize the rule in a sentence.

d) Using the inverse graphs from part (b), evaluate each of the following:

i) sin”(1) = i) arccos(-1) =

www.math30.ca



cos® x + cos xsin? x = cos x

N Trigonometry
cos x (cos” x +sin’ x) . - N
sl LESSON SIX - Trigonometric Identities |
cosx | cosx ¢ Lesson Notes
( Example 1 ) Understanding Trigonometric Identities. Trigonometric
Identities
a) Why are trigonometric identities considered to be a special type of
trigonometric equation?
A trigonometric A trigonometric
equation that IS equation that is
an identity: 3. NOT an identity: ;.
2 1 2 -
secx = 1. secx =1 1.
Cos X
m 2n m 2n
1 1
-2 4 -2 4
-3 -3

b) Which of the following trigonometric equations are also trigonometric identities?

o 1 .. sinx
i) sinx = —— ii) tanx =1 iii) tanx =
2 COS X

1 34 3
2 1 2
1 1

m 2m m 2n m 2n

1 1
2 2

1 -3 3

. 1 .

V) cscx = —— v) secx =undefined

sinx

3 31

2 4 2

14 1

m 2m m 2m

1 1

2 2

3 3
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N

cos® x + cos xsin® x = cos x

Trigonomel,try . .. cosx(coszx+sin2x)

LESSON SIX- Trigonometric Identities | cosx (1)

Lesson Notes cosx | cosx /)
( Example 2 ) The Pythagorean Identities. PB{;Z?}%&::?”

a) Using the definition of the unit circle, derive the identity sin?x + cos?x = 1.

Why is sin?x + cos?x = 1 called a Pythagorean Identity? /\

b) Verify that sin’x + cos’x = 1 is an identity using i) x = % and ii) x = %

c) Verify that sin?x + cos?x = 1 is an identity using a graphing calculator to draw the graph.

sinZx + cos*x = 1

2m

www.math30.ca



cos® x + cos xsin® x = cos x

N Trigonometry
COSX(COS X + SN X) . . o o

cosx(1) LESSON SIX - Trigonometric Identities |

cosx | cosx / Lesson Notes

d) Using the identity sin?x + cos’x = 1, derive 1 + cot?x = csc2x and tan?x + 1 = sec’x.

e) Verify that 1 + cot?x = csc?x and tan?x + 1 = sec?x are identities for x =%

.

f) Verify that 1 + cot?x = csc2x and tan?x + 1 = sec?x are identities graphically.

1 + cot?’x = csc’x tan?x + 1 = sec’x
31 3
2 2 -
1 1
m 2n m 2n
1 14
2 -2 4
-3 3

www.math30.ca



cos® x + cos xsin® x = cos x )

Trigonometry
LESSON SIX- Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx (1)
Lesson Notes cosx | cosx /)
Prove that each trigonometric statement is Recipr Identiti
( Example 3 ) an identity. State the non-permissible values eciprocal Identities
] of x so the identity is true. 1
a) sinxsecx =tanx secx =
Cos X

NOTE: You will need to use a graphing calculator to
obtain the graphs in this lesson. Make sure the calculator 1

is in RADIAN mode, and use window settings that match CSCX = —
the grid provided in each example. SInXx

1 cosx
tanx sinx

cotx =

3 -
Rewrite the identity so it is absolutely true. 2
(i.e. Include restrictions on the variable)
1
m 2m
-1
-2 -
-3
b) cotxsinxsecx =1
1 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
m 2m

www.math30.ca



cos® x + cos xsin® x = cos x

Trigonometry
LESSON SIX - Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx(1)
cosx | cosx ¢ Lesson Notes
Prove that each trigonometric statement is Reci P
. ) . eciprocal Identities
( Example 4 ) an identity. State the non-permissible values P
) of x so the identity is true. 1
sinxsecx ) secx =
- —tan“x COS X
cotx 1
CSCX = -
sinx
1 COS X
cotx = =—
tanx sinx
3 -
Rewrite the identity so it is absolutely true. 2
(i.e. Include restrictions on the variable)
1
m 2m
-1 -
-2
234
b) sin2xsec2x =tan2x
3 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
1 4
m 2m
-1
-2 -
-3

www.math30.ca



Trigonometry cos® x + cos x sin” X = cos X )
LESSON SIX- Trigonometric Identities | cosx(cos'x +sin’ x)

cosx (1)
Lesson Notes cosx | cosx /)
((Example 5 ) it state the non-permissibte values Pythagorean Identities
of x so the identity is true. sin? x + cos? x =1
a) sin’x+——=1 1+ tan® x = sec? x
sec’ x

1+ cot? x = csc? x

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

b) cosx —cos® x = cos xsin® x

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

www.math30.ca



cos® x + cos xsin® x = cos x

Trigonometry
LESSON SIX - Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx(1)
cosx | cosx Lesson Notes
c) sin®x —sinx = —sinx cos’ x Pythagorean Identities

sin® x + cos’ x =1
1+ tan® x =sec’ x
1+ cot? x = csc? x

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

m 2m
-1 -
d) sin® x +sin” xcos’ x = sin’ x(1 +cos’ x)
1 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
m 2m

www.math30.ca



Trigonometry
LESSON SIX- Trigonometric Identities |

Lesson Notes

cos® x + cos x sin” X = cos X A
cosx(cos2 X + sin’ x)
cosx (1)

cosx | cosx / )

Prove that each trigonometric statement is
( Example 6 ) an identity. State the non-permissible values
of x so the identity is true.

a) cos’x +tan®xcos*x =1

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

Pythagorean Identities

sin® x + cos’ x =1
1+ tan® x = sec’ x
1+ cot? x = csc? x

sec’ x —1

Tt =sin’ x
+tan® x

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

www.math30.ca



cos® x + cos xsin® x = cos x

Trigonometry
LESSON SIX - Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx(1)
cosx | cosx Lesson Notes
_sin’x _ 1+ oS X Pythagorean ldentities
1-cosx

sin® x + cos’ x =1
1+ tan® x =sec’ x
1+ cot? x = csc? x

2 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
11
0 .
) m 2m
sec” X
d) - |(csc? x 1) =1
CsC™ X
1 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
m 2m

www.math30.ca



Trigonometry

LESSON SIX- Trigonometric Identities |

Lesson Notes

cos® x + cos xsin® x = cos x
cosx(cos2 X + sin? x)

cosx (1)

cosx | cosx J/ )

N

Prove that each trigonometric statement is
( Example 7 ) :

an identity. State the non-permissible values
of x so the identity is true.

cosx +1
COS X

a) 1+secx =

b) tan®x —sin? x = sin” x tan® x

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)

Common

Proofs

Denominator

2n

2n
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cos® x + cos xsin® x = cos x

Trigonometry
LESSON SIX - Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx(1)
cosx | cosx Lesson Notes
C) cotx +tanx =cscxsecx Common
Denominator
Proofs
3 -
Rewrite the identity so it is absolutely true. 2
(i.e. Include restrictions on the variable)
1 4
m 2n
-1 -
2
-3
1+ tanx
—— =tanx
1+ cotx
3 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
1 -
m 2n
-1
-2 -
-3

www.math30.ca



cos® x + cos xsin® x = cos x )

Trigonometry
LESSON SIX- Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx (1)
Lesson Notes cosx | cosx /)
Prove that each trigonometric statement is Common
Example 8 dentitv. State the non-permissible val .
an identity. State the non-permissible values Denominator
of x so the identity is true. Proofs
sinx Cos X
+ - =SsecXx
cosx 1+sinx
3 -
Rewrite the identity so it is absolutely true. 2.
(i.e. Include restrictions on the variable)
1 -
m 2n
-1 A
-2 -
-3
1+ tan” x
———— = =tan’x
1+ cot” x
3 -
Rewrite the identity so it is absolutely true. 2
(i.e. Include restrictions on the variable)
1 -
m 2n
-1 A
-2 -
-3

www.math30.ca



cos® x + cos xsin® x = cos x

Trigonometry
LESSON SIX - Trigonometric Identities |

cosx(cos2 X + sin? x)

cosx(1)
cosx | cosx Lesson Notes
COs X COS X
—— + —— =2secx Common
T+sinx 1-sinx Denominator
Proofs
3 -
Rewrite the identity so it is absolutely true. 2
(i.e. Include restrictions on the variable)
1 4
m 2n
-1 -
2
-3
d) cosx  1+sinx
1-sinx COS X
3 -
Rewrite the identity so it is absolutely true.
(i.e. Include restrictions on the variable)
1 -
m 2n
-1
-2 -
-3
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Trigonometry
LESSON SIX- Trigonometric Identities |

Lesson Notes

cos® x + cos x sin” X = cos X A
cosx(cos2 X + sin’ x)
cosx (1)

cosx | cosx / )

( Example 9 )

B 4cotx
1-csc? x

=4tanx

c) cot’x—csc’x =-1

Prove each identity.
For simplicity, ignore NPV’s and graphs.

Assorted
Proofs

b) sin*x —cos* x = 2sin* x —1

d) cscx —sinx =cosxcotx

www.math30.ca



cos® x + cos xsin® x = cos x

Trigonometry
cosx(1) LESSON SIX - Trigonometric Identities |

cosx | cosx Lesson Notes

cosx(cos2 X + sin? x)

Prove each identity. Assorted
( Example 1 O) For simplicity, ignore NPV’s and graphs. Proofs

1 csc? x cos x
a) , = cotx by —————= —csc’x—cscx
cscxsinxtanx tanx

c) s x+leostx =1 d) SECXZCOSX _ tanx
5 5 5 sinx

www.math30.ca



cos® x + cos xsin® x = cos x )

Trigonometry N
. . . cosx(cos X + sin x)
LESSON SIX- Trigonometric Identities | cosx (1)
Lesson Notes cosx | cosx /)
Prove each identity. Assorted
( Example 11 ) For simplicity, ignore NPV’s and graphs. Proofs
sinx  1+cosx b) 1—cosx_ sinx 0
1—cosx  sinx sinx  1+cosx
. 2
0 (tanx—1)2 =1—251n2xcosx d) 1+ cos x 2(1+.cosxj
cos” X 1-cosx sinx
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cos® x + cos xsin® x = cos x

N Trigonometry
cosx(cos X +sin x) . . . .
cosx(1) LESSON SIX - Trigonometric Identities |
cosx | cosx / Lesson Notes
( Example 1 2) Exploring the proof of sinx = tanxcos x Exploring
a Proof
a) Prove algebraically that sinx = tanxcos x. b) Verify that sinx = tanxcosx for %
c) State the non-permissible values d) Show graphically that sinx = tanxcosx
for sinx = tanxcosx. Are the graphs exactly the same?
1 -
y, = sinx - =
-1
1 -
y, = tanxcosx - >
-1 4
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Trigonometry

LESSON SIX- Trigonometric Identities |

Lesson Notes

cos® x + cos x sin” X = cos x A
cosx(cos2 X + sin’ x)
cosx (1)

cosx | cosx / )

( Example 1 3) Exploring the proof of cscx + cotx =

a) Prove algebraically that cscx + cotx =—
sinx

c) State the non-permissible values
1+ cosx
sinx

for cscx +cotx =

1+cosx

1+cosx
sinx

Exploring
a Proof

1+cosx
- for T
sinx 3

b) Verify that cscx +cotx =

d) Show graphically that cscx + cotx = 1+,C°SX
Are the graphs exactly the same? s
kg
2 -
1 -
y, = CSCX + cotx - =
-1 -
iy
-3
3 -
2 -
1+ cos x "
Y27 Tinx 1 ' m ' 2n
-2
-3 4
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cos® X + cos x sin* X = cos X
cosx(cos2 X +sin’ x)
cosx(1)
cosx | cosx /

Trigonometry
LESSON SIX - Trigonometric Identities |

Lesson Notes

( Example 14) Exploring the proof of

a) Prove algebraically that
1 1

+ =2csc x.
1-cosx 1+cosx

c) State the the non-permissible values

for 1 + 1 =2csc?x.

1-cosx 1+cosx

1

1—cosx

b) Verify that

+

1+ cosx

=2csc? x

1

1-cosx 1+cosx

d) Show graphically that

1

+
1—-cosx 1+cosx
Are the graphs exactly the same?

=2csc? x

3

Y

1

1

= +
1-cosx 1+cosx

Exploring
a Proof

=2csc x for %

y, = 2csc’ x

2
1 -
m 2
_1.
_2.
_3.
3.
2 4
1
m 2n
-1 -
-2 4
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Trigonometry
LESSON SIX- Trigonometric Identities |

Lesson Notes

cos® x + cos xsin® x = cos x )
cosx(cos2 X + sin? x)

cosx(1)
cosx | cosx J/ )

(Example 15

a) 2sin’x—-cosx—-1=0

c) 2tan’x =-3secx

Solve each trigonometric equation

Equations With Identities

over the domain 0 < x < 2m.

b) sinx =secxcotx

d) cos® x =sin*x

2m

2n
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cos® X + cos x sin* X = cos X
cosx(cos2 X +sin? x)
cosx(1)
cosx | cosx /

Trigonometry
LESSON SIX - Trigonometric Identities |

Lesson Notes

Solve each trigonometric equation
( Example 16 over the domain 0 < x < 2m.

Equations With Identities

a) 3-3cscx+cot’x=0 b) 3sin? x +3cosx —4 = sin’ x —2cos X

-10

c) sin®x =sinx d) 2sin*x—-2cos’*x —sinx+1=0

2m

2n
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. CoS’> X + cos x sin® X = cos X A
Trigonometry N
. . .. cos x(cos” x +sin” x)
LESSON SIX- Trigonometric Identities | cosx (1)
Lesson Notes cosx | cosx /)
Solve each trigonometric equation Equations With Identities
( Example 17 over the domain 0 < x < 2m. d
a) 2sec’x —tan*x = -1 b) 2cos® x +3cosx =7cos’ x
10 3.
0
m 2n
3.
m 2n -6
9.
10 -12
c) tan*x+2sec’x-3=0 d) 4sin?x +2+/2sinx +24/3sinx +v6 =0
3 1
2
1
m 2m m

2n
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cos® x + cos xsin® x = cos x

cosx(coszx+sin2 x) . Tr]g(,)nom.el,try
cosx(1) LESSON SIX - Trigonometric Identities |
cosx | cosx / Lesson Notes
E le 18 Use the Pythagorean identities to Pythagorean Identities
( Xxampie ) find the indicated value and draw and Finding an Unknown
the corresponding triangle.

a) If the value of sinx = ;, 0<x<Z , find the value of cosx within the same domain.

)

b) If the value of tan A = %, T<A< 377[ , find the value of secA within the same domain.

c) If cosB = g, and cotB < 0, find the exact value of sin®.
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Trigonometry
LESSON SIX- Trigonometric Identities |

Lesson Notes

cos® x + cos x sin” X = cos X A
cosx(cos2 X + sin’ x)
cosx (1)

cosx | cosx J/ )

( Example 1 9) Trigonometric Substitution.

_R2
a) Using the triangle to the right, show that 9b2b

cosd

can be expressed as ——— .
3sin* @

Hint: Use the triangle to find a trigonometric expression equivalent to b.

2

a
b) Using the triangle to the right, show that ﬁ
a +16

can be expressed as 4cotdcosd.

Hint: Use the triangle to find a trigonometric expression equivalent to a.

Trigonometric Substitution
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LESSON SEVEN -

Trigonometry
Trigonometric Identities Il

Lesson Notes

( Example 1

Evaluate each trigonometric

Sum and Difference ldentities

sum or difference.

C) cos(45° - 60°) =

T T
_+_
=

sin(A + B) = sinAcosB + cos AsinB
cos(AJ_rB) = cosAcosB FsinAsinB

tanA +tanB

tan(A * B) B 1F¥tanAtanB
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Trigonometry
LESSON SEVEN- Trigonometric Identities I

Lesson Notes

Write each expression as a
( Example 2 single trigonometric ratio.

. T T T . 7T
a) Sin—cos— + cos—sin—
6 2 6 2

tan” —tan”
4 6

b) T T
1+ tan=—tan—
4 6

T T . T . TT
C) COS—COS— +Ssin—sin—
3 6 3 6

Sum and Difference ldentities

sin(A + B) = sinAcosB + cos AsinB
cos(AJ_rB) = cosAcosB FsinAsinB

tanA + tanB

tan(AiB) B 1F¥tanAtanB
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J6 12
4
J6 -2
4

cos15° =

sin15° =

Trigonometry

LESSON SEVEN - Trigonometric Identities Il

Lesson Notes

( Example 3 > Find the exact value of
each expression.

a) cos15°

c) tan195°

Sum and Difference ldentities

sin(A + B) = sinAcosB + cos AsinB
cos(AJ_rB) = cosAcosB FsinAsinB

tanA +tanB

tan(AiB) B 1F¥tanAtanB

d) Given the exact values of cosine and sine for 15°, fill in the blanks for the other angles.

-

P

)

T

P(150):(\/g+\/§’\/g—\/§J

4 4
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Trigonometry
LESSON SEVEN- Trigonometric Identities I

Lesson Notes

Find the exact value of
( Example 4 > each expression.

For simplicity, do not rationalize

a) csC £+ £ the denominator.
3 4

C) cot(f —zj
2 4

Sum and Difference ldentities

sin(A + B) = sinAcosB + cos AsinB
cos(AJ_rB) = cosAcosB FsinAsinB

tanA +tanB

tan(AiB) B 1F¥tanAtanB
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Vo2 Trigonometry
Je-a LESSON SEVEN - Trigonometric Identities Il
4

cos15° =

Lesson Notes

sin15° =

Double-Angle Identities

( Example 5 ) Double-angle identities.

a) Prove the double-angle sine identity, sin2x = 2sinxcosx.

sin2x = 2sin X Cos X

cos2x = cos’ x —sin? x
cos2x = 2cos’ x — 1
cos2x =1—2sin’ x

2tanx

tan2x:—2
1—tan” x

b) Prove the double-angle cosine identity, cos2x = cos?x - sin?x.

c) The double-angle cosine identity, cos2x = cos?x - sin?x, can be expressed as cos2x = 1 - 2sin?x
or cos2x = 2cos?x - 1. Derive each identity.

2tanx

d) Derive the double-angle tan identity, tan2x = ———— .
1—tan® x
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Trigonometry costs =¥
LESSON SEVEN- Trigonometric Identities I i
Lesson Notes sin15" = )
( Example 6 ) Double-angle identities. Double-Angle Identities

] ] sin2x = 2sinXxcos X
a) Evaluate each of the following expressions

i) sin60° if) cos% iii) tan90° Cos2x = 2cos”* X —1
cos2x =1-2sin* x

2tanx

tan2x:—2
1—tan” x

b) Express each of the following expressions using a double-angle identity.

i) sin8x ii) cos4x iii) sinx iv) cosEx

c) Write each of the following expression as a single trigonometric ratio using a double-angle identity.
x - 1 2tan§

i) cos?30° —sin®30° if) sin—cos— iif) 1—sin*=x V) ————

8 8 2 1-tan? X

8
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cos15° = ﬁjﬁ Trigonometry
Je-a LESSON SEVEN - Trigonometric Identities Il
e Lesson Notes

( Example 7 Prove each trigonometric identity.
Note: Variable restrictions may be

ignored for the proofs in this lesson.

Sum and Difference ldentities

sin(A + B) = sinAcosB + cos AsinB
cos(AJ_rB) = cosAcosB FsinAsinB
tanA + tanB

57 J3cosx +sinx
a) COoSs X+? = — 2 tan(AiB):—
1x tanAtanB
b) sin[3—”—xj:—cosx
2
37| tanx+1
c) tan(x_Tj:Ftanx d) cos(x+y)+cos(x—y)=2cosxcosy
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Trigonometry costs” =¥
LESSON SEVEN- Trigonometric Identities I NN
Lesson Notes st Y

Sum and Difference ldentities

( Example 8 ) Prove each trigonometric identity.

sin(A + B) = sinAcosB + cos AsinB

a) cos(x+%j—sin(x+2{j:0 COS(AiB)=cosAcosB¢sinAs1‘nB
tan(AiB):M
1x tanAtanB
sin(x —
b) Mztanx—tany
COSX COSY
c) cos(x+y)cos(x—y):(cosxcosy)2 —(sinxsiny)2 d) cos2x = cos® x —sin* x
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Yo Trigonometry
LESSON SEVEN - Trigonometric Identities Il

Lesson Notes

Double-Angle Identities

sin2x = 2sin X Cos X

cos2x = cos’ x —sin® x
cos2x = 2cos’ x — 1
cos2x =1—2sin’ x

2tanx

tan2x:—2
1—tan” x

( Example 9 ) Prove each trigonometric identity.
a) cos2x +2sin’x =1 b) ———— =sec’x
1+ cos2x
sin2x =2tanx d ZS;nxcqsi< =tan2x
cos” x —sin” x

cos2x +sin’ x
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Trigonometry costs' = Y0
LESSON SEVEN- Trigonometric Identities I o3
sin15° = ——
Lesson Notes ‘ )
(Example 10) Prove each trigonometric identity. Double-Angle Identities
, sin2x = 2sinXxcos X
a) cos*x —sin*x =cos2x b) 1—(sinx+cosx) =—sin2x
cos2x = cos’ x —sin* x
cos2x =2cos* x —1
cos2x =1-2sin’ x
tan2x = Zta—nf
1-tan” x
2(tanx—cotx) =sin2x d 1 - L =tan2x
tan” x —cot? x 1-tanx 1+tanx
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y Trigonometry
Je-a LESSON SEVEN - Trigonometric Identities Il

Lesson Notes

(Example 1 1) Prove each trigonometric identity. Assorted Proofs
sin(x +y)
a) 2csC2X = CSCXSecx b) —~Z —tanxcoty +1
cosxsiny
. oao . oo gge 1 7)) tanx+1
c) sin88° cos58° —cos88°sin58° = — d) tan| x+—|=
2 4 1-tanx
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Trigonometry

LESSON SEVEN- Trigonometric Identities I

Lesson Notes

( Example 1 2) Prove each trigonometric identity.

. 2 .
a) (smx + cosx) —1=sin2x

T .
c) cos’ (x —i] = sin’ x

1. 2x . X X
b) —sin— =sin—cos—
2 5 5 5

d) sin3x =3sinx —4sin’ x

Assorted Proofs
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y Trigonometry
Je-a LESSON SEVEN - Trigonometric Identities Il

Lesson Notes

(Example 1 3) Prove each trigonometric identity. Assorted Proofs
a 551’nx—cost—11:S].nx+4 b) cos3x =4cos’® x —3cosx
2sinx -3
_ tanx + tan .
C) cos34°cos41 —sin34°sin4T’ = V6 -2 d —y:sln(x+y)

4 secxsecy
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Trigonometry costsr — Y62
LESSON SEVEN- Trigonometric Identities I

sin15° = Jo -2
Lesson Notes }
(Exam le 14> Solve each trigonometric equation -
P over the domain 0 < x < 2. Assorted Equations
a) cos2x = cos’ x b) cos(x+%)+cos(x—%j=—1
s ~2 2 1 .2 1
c) 4sin“x+4cos2x—-1=0 d) 2cos®—x—2sin“=x =1
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Yo Trigonometry
LESSON SEVEN - Trigonometric Identities Il

cos15° =

-2
in15° =
o 4 Lesson Notes
(Exam le 1 5) Solve each trigonometric equation A JE -
P over the domain 0 < x < 2m. ssorted Equations
a) cos2x+7sinx—-4=0 b) sin2x —cosx =0
c) sin Zix|-sin| Z-x|=1 d) sinxcosx:l
3 3 4
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Trigonometry costsr — Y62
LESSON SEVEN- Trigonometric Identities I

sin15° = Jo -2
Lesson Notes _
( Example 1 6) Solve each trigonometric equation :
P over the domain 0 < x < 2m. Assorted Equations
a) cos2x—cosx =0 b) CSC[X+§j—csc(x—%J=4
) %sin2x+sinx=o d) 2cot’x - 3cscx =0
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612

cos15° =

sin15° =

4
N
4

Trigonometry
LESSON SEVEN - Trigonometric Identities Il

Lesson Notes

Solve each trigonometric equation

( Example 1 7) over the domain 0 < x < 2m.

a) 8sinxcosx =2

c) tan(x—z)+secx =0

b) (cosx - sinx)2 =sin2x +1

d) cos(x+r)—cos’x=0

Assorted Equations
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Trigonometry N :ﬁ
LESSON SEVEN- Trigonometric Identities I -
Lesson Notes sin15° =

( Example 1 8) Trigonometric identities and geometry.

tanA +tanC

a) Show that tanB=————
1-tanAtanC

b) If A=32° and B = 89°, what is the value of C?
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J6 12
4
J6 -2
4

cos15° =

sin15° =

Trigonometry

LESSON SEVEN - Trigonometric Identities I

Lesson Notes

( Examp[e 1 9) Trigonometric identities and geometry.

Solve for x. Round your answer to the nearest tenth.

104

57 A0

176

153
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Trigonometry costs = Y632
LESSON SEVEN- Trigonometric Identities I -2

Lesson Notes

(Example 20)

If a cannon shoots a cannonball m

0 degrees above the horizontal, = 48 ~~ ~~~~~~~~~~ === °7 77 ®
the horizontal distance traveled
by the cannonball before it hits
the ground can be found with the function:
2 .
d(e)= v,“sindcosd
4.9

The initial velocity of the cannonball is 36 m/s.
a) Rewrite the function so it involves a single trigonometric identity.
b) Graph the function. Use the graph to describe the trajectory
of the cannonball at the following angles: 0°, 45°, and 90°.

d A

e
Y

¢) If the cannonball travels a horizontal distance of 100 m,
find the angle of the cannon. Solve graphically, and round
your answer to the nearest tenth of a degree.
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6+ 2

cos15° =

sin15° =

Trigonometry

4 . . ...
B3 LESSON SEVEN - Trigonometric Identities Il

Lesson Notes

(Example 21)

An engineer is planning the construction of a road
through a tunnel. In one possible design, the width
of the road maximizes the area of a rectangle
inscribed within the cross-section of the tunnel.

The angle of elevation from the centre line of the
road to the upper corner of the rectangle is 6.
Sidewalks on either side of the road are included
in the design.

a) If the area of the rectangle can be represented by
the function A(8) = msin20, what is the value of m?

b) What angle maximizes the area
of the rectangular cross-section?

A A

oV

70m

sidewalk road width sidewalk

c) For the angle that maximizes the area:

i) What is the width of the road?

ii) What is the height of the tallest

vehicle that will pass through the tunnel?

iii) What is the width of one of the sidewalks?
Express answers as exact values.
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Trigonometry costyr L2
LESSON SEVEN- Trigonometric Identities I -2
Lesson Notes R

(Example 22)
The improper placement of speakers for a home theater system may ) ¢
result in a diminished sound quality at the primary viewing area.

This phenomenon occurs because sound waves interact with each other
in a process called interference. When two sound waves undergo
interference, they combine to form a resultant sound wave that has

an amplitude equal to the sum of the component sound wave amplitudes.

If the amplitude of the resultant wave is larger than the component
wave amplitudes, we say the component waves experienced constructive interference.

If the amplitude of the resultant wave is smaller than the component wave amplitudes,
we say the component waves experienced destructive interference.

a) Two sound waves are represented with f(6) and g(0).

i) Draw the graph of y = f(0) + g(0) and determine the resultant wave function.
ii) Is this constructive or destructive interference?

iii) Will the new sound be louder or quieter than the

original sound?

6
g(6) = 4cos6
N //
\ / f(8) = 2cosf
AN yd

0 /
m ) 2
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¥6 +42 Trigonometry
LESSON SEVEN - Trigonometric Identities Il

sin15° = J6 -2
4 Lesson Notes

cos15° =

b) A different set of sound waves are represented with m(0) and n(0).

i) Draw the graph of y = m(8) + n(0) and determine the resultant wave function.

ii) Is this constructive or destructive interference?
iii) Will the new sound be louder or quieter than the

original sound?

6
m(0) = 2cosb
AN yd AN yd
; / N\
m | 2m
™ o n(6) = 2cos(6 - m)
-6

¢) Two sound waves experience total destructive interference if the sum of their wave
functions is zero. Given p(8) = sin(30 - 3n1/4) and q(8) = sin(30 - 7n1/4), show that these

waves experience total destructive interference.
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Trigonometry costsr - Y02

LESSON SEVEN- Trigonometric Identities I -
Lesson Notes sin1s" =—
(Examp[e 23) Even & Odd Identities Even & Odd Identities

sin(—x) = —sinx
a) Explain what is meant by the terms even function and odd function. cos(—x) — COSX

tan(—x) =—tanx

b) Explain how the even & odd identities work.
(Reference the unit circle or trigonometric graphs in your answer.)

c) Prove the three even & odd identities algebraically.
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Vo2 Trigonometry
Je-a LESSON SEVEN - Trigonometric Identities Il
4 Lesson Notes

cos15° =

sin15° =

Proving the sum and Enrichment Example
Students who plan on taking university

( Examp le 24) difference identities.
calculus should complete this example.

a) Explain how to construct the diagram shown.

b) Explain the next steps in the construction.
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Trigonometry costr — Y62
LESSON SEVEN- Trigonometric Identities I

sin15° = \/Z ﬁ
Lesson Notes -
c) State the side lengths of all the triangles. b

D D
1 1
H
F
o+p .
A E A

d) Prove the sum and difference identity for sine.
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Answer Key

@ Trigonometry Lesson Five: Trigonometric Equations

Example 1:

2 0=Z+n(27), 0=Ln(2r)

Example 2:

Vs 57
a) 0:g+n(2ﬂ'), 6:T+n(2ﬂ')

VAN
X

d) no solution

N~

Example 3:

a) 6=30"+n(360), 6=150"+n(360") b)

270°

Example 4:

T
a) ==
) 2

w

Intersection point(s)
of original equation

N

ﬁ\\\\\__—’/,/fh
-1

b) 6 :37”+n(27z)

LN/

- N W

0

270°

l 6-intercepts

b 0= sn(27), 0= 4n(20)

0 =150° +n(360°), 0=210° +n(360“)

c) d=nrx

) 9:77[+n(27r

Note: n € | for all general solutions.

d) 9:1+n[zj
4 2

), 0= +n(2x)

2n

b A
i

c) 0=45+n(180")

90°

45°

180° [ *

225°

5z

by ¢=22
3°3

Intersection point(s)
of original equation

e »—

270°

0-intercepts

2n
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Answer Key

Example 5:
_2_7z 4_7r 27 4Ar 27 4Ar 27 4Arx

a) 0 ) b) 6=—7,— ) 6="— d =227
3°3 3°3 3°3 3°3
120° 31 31
/K\ 2 2
60 1 11
b 60° " b " \ / \\u/
-1 -1
240° 2 2
-3 3
Example 6:
a) 197.46° and 342.54° b) 197.46° and 342.54° c) 197.46° and 342.54° d) 197.46° and 342.54°
1 3 3
The unit circle is not
2 2

useful for this question.

=N
8
N
=]

197.46° 342.54° 4. -T.\_/.én §

A -2 2
-3 3

Example 7:
a) 0=2T”+n(27r), 9=4Tﬂ+n(27z) b) 8=nzx <) 6?=3T”+n7r
Example 8:
a) No Solution b) 0=nx 19 9=%+n(2ﬂ), 9=5T”+n(27z)
2 [ [ 2 I I 2 | Y
1 UI | 1|ul | 1 | |

] ] | | 1 1

i i l i T A
1 -1 1
i Iml i Iml i I /_\ I

P A NN
T YR} NN
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Example 9:

a) 6=120"+n(360), 6 =240"+n(360")

90°
120°

60°
180° [,

240°
4

270°
Example 10:
a) No Solution

Intersection point(s)
of original equation

120°

90°

A

60°

b) 6=60"+n(360"), 0 =120"+n(360)

180°

0-intercepts

c) 0=60"+n(180")

90°

4
60°

60°

180°

b) 6=n(2z)

Intersection point(s)
of original equation

60’ 360°

240°

270°

0-intercepts

N

3 | | 3 3
’ U l | 2 U :
1 1 1

| |
I 2

1 -1

5 [ mn S

3 | | 3

Example 11:

|
|
1
1 m
|
|
1

a) 9=7—ﬂ,m b) 9:7_”’ﬁ c) 9—7—”,1ﬁ d) 9:71,&
6 6 6
1 : 3
| | 3, \_/
2 ’ | |
< 30° 30° g 1 | | 11 | /_\ |
210° 330° " T Zr -
. /‘\ ; 1 p
3 | [ ‘\ | 2 | |
.3
Example 12:
a) 0=115, 245 b) 6=115", 245 c) =115, 245 d) 6=115, 245
-1 3 [ [
" The unit circle is not I | ../ I I \
useful for this question. z : | 37 | :
65° 1 2
° 5 > | | N | |
| m | 2m I/—\I
! [ [ t f >
245 i 5 I/—\I 1 | m | m
3 i i 21 [ |
N | |

Example 13:

a) 6=n(2z) b) 9=%+n(27z), szTﬁ+n(27r) ) 0=59 +n(180")

d) HZZT”-FI’)(Z?Z'), 9:477[+n(27r)
or =1.03+nr
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Example 14:

7 & St 3x T
0=—,—,—,— b) 6=0,7,2 0=0,—7,—,2 d =0,7,2
a) 526 2 ) 7, 2r c) ) Vg 1 V4 ) 6 7,27

3
7
7

Example 15:

a) 9 zf’?’_” b) 9 22,5_,7_”,ﬁ Y :£,£,3_”’5_”
2 2 6 6 6 6 3'2°2 3
1 1 3
2
1
m m 2n m 2n
-1
\/ V *
1 1 -3
Example 16:
a) g_Z 1z 11z by 9-Z% % 3% 9 0-0Z%2% 124
2°6 6 62 6 6 6
3 3 | 3
2 2 | 2
1 1 | 1
m 2m ¥ 2n m
1 1 -1
2 2 I -2
3 3 I -3
Example 17: Example 18:
a) g 2% 57 57 11x by g % I7 3r 57 17x 23x 2 o2 107 b) 0=6x
3'6 376 1212 4 412 12 3°3

NP

TN

\WAWARWAEE S ——a

[\

&

Example 19: a) P(t) = —0.50cos%t+0.50 Example 20: a) d(0)=4tang Example 21: See Video
b) Approximately 12 days. b) See graph. c¢) 0.4636 rad (or 26.6°)
Visible % A ﬂ
1.00 8
/\ 1
0.50 : > 0
. n m 3m 2n
\ y 0.4636 > T /
0 > -8
7 14 21 28 t A 4
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Answer Key

@ Trigonometry Lesson Six: Trigonometric Identities |

Example 1: a) Identity Equation
secx =1
secx =
Cos X
o 1 .. sinx
b) i) sinx=—— ii) tanx =1 iii) tanx =
2 Cos X
Not an Identity Not an Identity Identity

Example 2:
a)

x2+y?=1
Use basic trigonometry
(SOHCAHTOA) to show

b) Verify that the
L.S. =R.S. for
each angle.

that x = cos® and y = siné.
(cos@)2 + (siné’)Z =1

cos? @ +sin*6 =1

d) Divide both sides of

sin?x + cos’x = 1 by

sin?x to get 1 + cot?x = csc?x.
Divide both sides of

sin?x + cos’x = 1 by

cos’x to get tan?x + 1 = sec?x.

Example 3:

. T
a) sinxsecx =tanx, x #—+nx

U
N

1
-1
-2
-3

Example 4:
sinxsecx 2 nz
— =tan“x, x #—
cotx 2

yany

e) Verify that the
L.S. =R.S. for
each angle.

. nz
b) cotxsinxsecx =1 x = —

2

. 1
iv) csCx = ——
sinx

Identity

Note: n € | for all general solutions.

V) secx = undefined

Not an Identity

c) The graphs of y = sin’x + cos’x and y = 1 are the same.

1

-1

f) The graphs of y = 1 + cot?x
and y = csc?x are the same.

-1
-2
-3
Example 5:
3ia2
a) sin" X +———=
c” x
T
X #=—+nrx
2
1 pr———
m 2n

2 -1
c) sin’ x —sinx
= —sinxcos® x

L _an

’\/\/ ’
-1

The graphs of y = tan’ + 1
and y = sec?x are the same.

(VAR

2n

3
2
1

b) cosx —cos’x
= cosxsin® x

I

d) sin’ x + sin® x cos® x
= sinzx(1 + coszx)

[

m 2n
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Answer Key

Example 6:

T
a) cos’ x +tan* xcos* x =1, X %2+

a2
sin® x
————=1+cosx, x=n(2rx)
1-cosx
Example 7:
cosx +1 Vs
a) 1+seCX=——, X#—+Nrx
Cos X 2

P :k

m 2n
. | |
-2
| |

c) cotx +tanx =secxcscx,

ilu:

nr
X #—
2

C

[ ) e —

1
|

—_——— —
3

TN

Example 8:

a)

sinx
Ccos X

j

cosx
) ——
1+sinx

i

Ccos X
1+ sinx

T
=secx, x¢i+n7r

Cosx

T
———=2seCX, X#—+Nrx
1-sinx 2

n

[—O————O— )

1+ tan®

2
sec” x
d) >
CsC™ X
m 2n

sec’x —1

) T
=sin"x, X#=+nr
X 2

](csc2 X —1) =1, nr

. . T
b) tan? x —sin* x = sin* xtan’x, Xx # 3+ nz

N

m 2n
! | |
-2
| |
3
1+ tanx 3z
=tanx, X#—, X#—+nrx
1+ cotx 4
3 I
2 | |
"1 I
4 | |
2 | |
-3 1 1
1+ tan® x n
b) ———=tan’x, x ==
1+ cot” x 2
3
) | |
1 | |
4 I m I 2n
2
3 | |
cosXx 1+sinx T
d) —— = , X#=+nrx
1-sinx cosXx 2

Now

)

1
|
1
|
m n
4 |
- |
- 1

[

1

m n
1 QO DD
m n
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Answer Key

Example 9: See Video
Example 12:

a) See Video

e

b)LS.=RS.=—
Va
C)X#—+nx
2

: T
d) sinx =tanxcosx, x # CRRkd

1 The graphs

are NOT identical.

The R.S. has holes.
Example 15:

a) 2sin*x —cosx—1=0, Xzﬁ,ﬂ,s—”
3 3
3
2
1
p m 2n
2
3
c) 2tan’ x = -3secx, X :2—”,4—”
3°3

6 1 1
4
zI | |

: m : 2n
2
P | |
-6 1 1
Example 16:
a) 3-3cscx+cot’x =0, x :E,E,S—”

62 6
3
2
1
m 2n
K
2
3
. 3 . n 3z

c) sin"x =sinx, x=0,—,7,—,27

1\/\ “22
I\

Example 10: See Video

Example 13:

a) See Video

b)LS.=R.S. =3

C) X #nr

d) cscx +cotx = M, X # Nx

sinx

3 | The graphs

j | are identical.
7 on

1 |

d) cos’ x =sin’x, x =

b) 2sin’x +5cosx -4 =0, x:%,

IV

Example 11: See Video

Example 14:

a) See Video

b)L.S.=RS. =2
C) X #nx
! 1 =2csc’ X, X #nx
1-cosx 1+cosx
3 The graphs
z u | u | are identical.
1

T 5r Trx

47474

5
3
Note: All terms from the original

equation were collected on the
left side before graphing.

d) 2sin’x —2cos*x —sinx +1=0, x=—,— — — "~

2

-2
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Answer Key

Example 17:

a) 2sec’x —tan*x+1=0, x :ﬁ,z—”,4—”,5
3373 3
Note: All terms from the
original equation were
collected on the left
side before graphing.

¢) tan*x +2sec’x-3=0, x :ﬁ,s_”j_”,ﬁ
6 6 6 6
3 1 1
2
. | |
21
-1
2 | |
3 1 1
Example 18:
a) C05X=g b) secA:—?

Example 19: See Video

b) 2cos®x —7cos’ x +3cosx =0, x:%,%,h o7

273

R Note: All terms from the

0 original equation were

3 " collected on the left

. side before graphing.

-9
-12
d) 4sin®x + 24/2sinx + 243sinx +/6 =0, x = 57”,4%,5?”,77”

1

c) sind =-—

www.math30.ca



Answer Key

@ Trigonometry Lesson Seven: Trigonometric Identities Il

Example 1:
a) Vo2 b) 3 19) V2446 d) o e) 3-2 f) R
4 2 4 3
Example 2: Example 3:
. (27 V3 Vg \/g + \/E \/g + \/E
a) sm[T) b) tan[ﬁj c) COS(Z) a) — b) — c) 2-3
Example 4: Example 5: See Video
4 4
a) N, b) 2 ) 1 Example 20:
1296 .
Example 6: 3 d(9)= 9.8 sin20
b) d

a)i. % ii. 0 iii. undefined 132.2
b) (answers may vary) c) (answers may vary) T TP
i.  sin(8x) = 2sin(4x)cos(4x) i. cos(60)

1 z -132.2
i, cos(4x) = cos® (2x)—sin’(2x) ii. fSin[T)

c)0=24.6" and 6 = 65.4°
iii. sinx= Zsin(lx)cos(lxj ifi.  cos(x)
2 2
iv. cos[lxj:1—25inZ (lxj iv. tan[lxj Example 21:
2 4

A(6)=4900sin(2
Examples 7 - 13: Proofs. See Video. 3 (9) 00sin(20)

Note: n € | for all general solutions.

d) See Video

At 0°, the cannonball hits
the ground as soon as it

leaves the cannon, so the
horizontal distance is 0 m.

At 45°, the cannonball hits
the ground at the maximum
horizontal distance, 132.2 m.

At 90°, the cannonball goes
straight up and down, landing
on the cannon at a horizontal
distance of 0 m

Example 14: Example 15: b) A The maximum area occurs
% 5z 4900 when 6 = 45°. At this angle,
a) x=0,72z a) x=p the rectangle is the top half
of a square.
3z 57 7 7w 57 37
b =TT b T
) =3 ) X e
c) X:%’ZT”"‘T”’ST” c) x=% 45° % 6
e s 13 17s €)i. 702 m ii. 35¢2 m iii. 35(2-&) m
d =35 Y rrETENTE
) x=33 R TR TARTRET
Example 22:
Example 16: Example 17: a)i. y = f(8) + g(6) b) i. y = f(8) + g(6)
a) x=02E A4 o0 a) x_z 57131z 6 "
733" 12’127 12" 12
7 57 a7 3z \ /
b) x =33 b) x= O’?’”’T’ZH 0 - O — o
\ /
c) x=0,7,21 <) x:37”
d) x-Z>~ d) x-Z,z3% ‘ ¢
6" 6 272 ii. The waves experience ii. The waves experience
constructive interference. destructive interference.
. iii. The new sound will be louder iii. The new sound will be quieter
Example 18: 57 than either original sound. than either original sound.
c) All of the terms subtract out leaving y = 0,
Example 19: 92.9 A flat line indicating no wave activity.

Example 23: See Video.

Example 24: See Video.
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Mathematics 30-1

Formula Sheet

The Unit Circle

Trigonometry |

Tr —_
,_a P[ij‘(o’”
r y
tand — sing cotd — 1 _ c<.359
cosd tangd sind@
cscl = L secH = L
sin@ cosd

Trigonometry I

sin @ + cos’ 6 =1

1+tan’ @ = sec’ 0

1+cot’ @ =csc’ @

sin(A £ B) = sin AcosB + cos AsinB

cos(A+B) = cosAcosB ¥ sinAsinB
tanA +tanB

1rtanAtanB

sin(2A) = 2sinAcos A

cos(2A) = cos’ A—sin” A=2cos’ A—1=1-2sin" A
2tanA

1—tan’ A

tan(AJ_rB) -

tan(24) =

Transformations
& Operations

Exponential and
Logarithmic Functions

Note: The unit circle is
NOT included on the
official formula sheet.

Permutations &
Combinations

log, (Mx N) =log, M+log, N
log, (%} =log, M—log, N

log, (M) = nlog, M

y =af | b(x—h)|+k

Polynomial, Radical
& Rational Functions

X[ X X Xt | log, ¢ = log, ¢
log, b
V[ Vo Yoo Vet | .
b Jb* - 4ac y = abP
- 2a

n!=n(n-1)(n-2)...3x2x1
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